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ABSTRACT fail independently. A structure function
is given which maps the n~vector

One of the most widely used x-(xl,...,xn) of component indicators
approaches to computing system reliability (X-1 if component I operates, and 0
is to represent the system structure In otherwise) into the system status ($(x)-1
terms of a Boolean sum of all minpaths. If the system operates and 0 otherwise).
This expression is then transformed Into a We assume that the function # Is coherent,
sum of disjoint terms. The probability of that Is, 4(0) - 0, 1() " I and # Is
each term is then summed to obtain the nondecreasing in each'eomponent. In this
reliability of the system. A key question case, the function * can be described
with respect to the difficulty of this completely by giving the set (TI,...,Tri
process relates to the ability to of minpaths, that is, Ti is a minimal set
transform the initial sum into a sum of of components whose operation insures
disjoint products. In this paper, we show system operation. It follows that #(x)
that for the class of shellable systems, equals I if and only If the set fJ:x .1i
there always exists a disjoint product of operating components contains at least
expression with a number of terms equal to one of the minpaths Ti . Thus the event of

* the number of minpaths. We provide system operation can be described as the
several examples of shellable systems for union of events (denoted by plus)
which such an expression can be
efficiently found. R4 - (0-1) - AI*...+Ar

Introduction where Ai represents the event that all
components of Ti operate. Unfortunately,

In this paper we consider the one cannot Immediately write the
property of shellability of a coherent probability for this expression because
system, and show how it can be used to the events are not disjoint. One of the
compute or approximate reliability for ways to proceed is to write the above
these systems. In particular, we show how expression In disjoint products form, that
one can directly evaluate the disjoint is, as a union of mutually exclusive
products form for reliability by writing events
this expression as a shelling for the
system. We also indicate how the property
of shellability can help to construct good -R0 -A1  I A2 *...* 1 2 ... ralAr
approximations to reliability when even
the disjoint products method Is too
cumbersome. We present several where product denotes intersection and bar
applications for which the underlying denotes the complementary event. The
system is shellable, and give examples to probability of system operation can now be
show the shelling. written as the sum of probabilities of the

events
1. Definitions and Notation

R - 2 A
Consider a set N of n components. #, 1  1 2'" i'" i

Each component i is subject to failure
with probability Pi, and all components and the problem is reduced to computing

the probabilities of each of the R,,i.
*The work of this author was supported In
part by the Air Force Office of Scientific Many papers have dealt with effective use
Research under contract AFOSR-84-0140. or the disjoint product form to compute

system reliability (see [1),[2],(3.
%6%[11 ],[12],[13 ,C16,1?2)}..
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i;nfortuniatel. comPut fing Pr caR #p.IpOA 1 )(Iop IN

Iuac be quite complex. W~hat we would 2 3)P4'le I
I Ike to i nvest igato it th t 3 paper are 1 2.~ 3 p 4
lyatoas for wh ich wf! carn wrl te the rhere Is a second way that siel la blII ity can

,I tjont prodruct in nuoli i way that the aid In reliability r'omptation. and t hIsn
tor'a i ca: benoripstirddirctl asdoes not depend on: knowing .1 npool tic

ah e I loiifg at all. It turita out that*..
ltroto of qoponit events slreIIab I I ty provides rombinator'lal

structure to a system whi ch res.tr i ts the

- X . . numbher or operating configurations (x such
t 1' - k that *(x) - I ) with a gi ven number of

operating components. Thl: m akCei I t
.ne 3 I the event that component j posnible to obtain approx~rratlonn to syatem

opcratfi artl X111 the " Vent that relliabli ty, under tesurptIoro equal
,mspolnt ala sa. 7his Ieads to the componorrt faiure probahilities, which are

*fi'-l.wlng definition. consIderably more accur'ate than those that
can be obtained without having the property

o Iif I t Ion: A cohenrent system is or sheliabllity. Moreover, there are very
* :i~e.sbIC if there I1 Sr ordering reffinient, methods of obtaining these

ii cu, be t. pthsi afhtatteevn proximat ions * and so such approxi mation
f:i ewritten -t, a disjoint product techni ques are useful when the system Is

or v~ orp-enl evenrta. The corr.'aponding too complex to allow exact comrputation or

.pr~iin fr 9is ailed a shelling reliability. The details or this procedure
:xr3li fr9#i are somewhat Involved, arid the reader Is

r( r the a y iteml urged to consult (5] and [it,] for details.
Sheilability, therefore. Is a

It i11la tha;.t if a :i:(cl Inlg can be convenient property for- a system tLO have,
nionc nr, a nysitom, then the in terms or facilitating reliabilIity

* ninliahi ity of syolorn oporation carn he computation. It is not a proper ty held by
*wrIt'r Immeiate~ly asi tire arim or the all systems. Take, for examiple the four

* o);~ i ~or the nenti 11c component coherent system whone m InpIatts
t .in Ii ;.t~ n turn in a pr,Iit,t o r are 112,3111. Neither of the

0iT)nn probthifI II t Ien. events (12)(314) X- X x X14 * X I'X not,

1 3f 2 3 3

wr I t ten as *# .a1n I al prodac t olP componernt,

by rs.g tho I niep-!nn1 ie of component eet o oti ytmi o
shellatmle. there are, however, a larg-
n um ber o f clIa ssIca reI Iabit)IIIty prfoh lenns

1.xampi e :Cor:i dler the ecoherent Iy30t111 with I mportant appl icati onsa, for, whi ch the
~iid o copoento'm N j,~.,14sJunderlying system Is mholiabie. ron, the

*-':i'n Iia:i tine not !!,t i iip., tn If,~,142 reinrsindrmr of thii paper, we givc- examples
a ~.I 'r slpt c I

1
.y wewi 1usetheCi thense systems,. along With) the

L 'ntlnulafI -ri flar ';Iani Aii . Thin i:3 ppropiriate shellings.

i.'it nihel I;It)" e ill hf:1o1d! given, si3nce
2. Matroid Systems

tilP iV-ft ( I23(1il) - X i.X *X 1 XX X
I .. 1 I 3_

'7t,iriot be wr It te n if ai single fnlJoint Mantroids makf? up a class of coherent
[odijil or comnpommem;lt evellts . r hn binary systema that have been studied

uInn rIng9 1 (i, 2 N , 3 i12 h ' fo w ev cr, I sa extens] 'vely In a variety of contexts. I n
I ei n S for the rtyileri peratIon nail1 particular, they have been shown to be

or'he wri tten in dl slot 01. prolioct form 5pC51 oefl(e 8,[]
incharac.teri ting Combinatorial t

(11? * iiii(?t) *(V~)(P)(3t)optimizantion problems for which efficient
$solution algorithms exist. Matroidn are

sheI Iat)I e (15 ], Coroll1ar Y 3.2.2) anC thus

(',(ih)(
1
t)(23)provide a classd of systems for which the

-i ~ / propertien dencribed in 2erntlot 1 hold.
14 I2I 2 1 14 In thin section, we denpribe two important

X 1 X:> ~classes of systems that are matrold3 and
314 that are of Interest in the study of

'l~i p'ibai 1it of~y~i~ni oeraioncansystem relilability.
e' vI teni) irct o ystr oprain

1,! r1L ,i dir. tIy a

N2



A l;raph Connectedne-s: Much of' Ole
strl Aj or system rel I i a C It ty han esployed peronll" I
netwrk mr'delS. one mc.a.urO of nystem e 6
rel iabilIty used In the sttudy or computer

romU;tin IeatIons net. orka Is-

*r[l)perattn, paths -,x .tst between

all node p lrs]." -"

n the e;,so where ol I y asr'c ra I I , the
linderlying i-oherenl binary system Is what
Vt know, a. a Fraphic matroid. For the a b/d

gra il IhI I u~.-t ej1t 61n Fj gure1 , the jobs

.( ' , oporatinq state:, .. .... .... )
1 1 "' I I I I

CC a U i c e

faild state (no way to cover both job, a and b): .0 ) G I V 00
FIFrr I

minplth are 11211, 1 25, 134, 135, 1 5. Figure 2: A persotnel system
. 4, 25, "I I , repro5enItirlg ti spanning

!roeo In the graph. hoso produce the hand nutde if the job can he filled by the
'rhel ItI rg ':rronponding person. This moldel ls, or

*.,:o,- , th" classic asa tIgnment llodel. In
II . - 121 * (121 ();21') 

t
tI)(i )(1311) ; reliability setting the components" .

correspond to personnel. The failure or a
(4-'1)(125)(3 )(l 5) person corresponds to that person bong

unable to work, and the system oporates
2'. 17T) t.)(T1I)(")(1C'45) any time the set of operating persons can

cover ;ill the required jotbs. Thits, the
f7 TT,, T5. (i " (TT,) 2 3 11 mo.,,n,,,e of system relish'lity Is

5(" f))(1F 13i) ( 0-5)(23 41 ) (2! 3 5 ) Pr(the nperating persons can ,,over

all required jobs].( -,-! . i' l i) T-3 '; (IF f) .? ) (;F735) (2 45) """"

Note that given the set of failed persons,
- x..Y N, I xI2 X5 x I I2x x 4 the determination of whether the system

can operate is not completely
x x I K aIX2X ntr.Alghtforward. In fact, It Involves the3 1I 2 3 I 2 .3 4

2Xsolution or an asrbignment problem.•~ ~ 1 1IX I r 2 31 .1 This system In what Is known ai a...-"

tran !sversal matroid. If there arp n jobs.
cla s of sy.temn Itas hoen stdled then mlnpaths Con.TIst or sets of n persons

extensively, no, only hecause or I tS with the property that there exists a way
imprtance from an application of a:IIRnJng those n persons to the n jobs.
:talndpolnt, hout ai:no bercase of the rI eh For the system ot Figure 2, the minpaths
ntruotjr'e It contaln . are 112346, 12347, 123'6, 1?357, 121167.

12567, 131156. 13151. 141i67, 23156, 23115",
. Personnel Asai.;ntent Systems: We now 245671. and these producee shelling (in the

,1 scio .a second - -i3 o " -.3Y'M te s, which nrder given)

wl'n be ItIeve has 1,1por tan t pract icalI
,ipf.l.c tI in . ht l jystem relates to the II - X X 2 XI x X x s x
rellahil1ty of . 1er'r.nnel sy tc. 2 3 1 t I"

F r III,,istrato, the problem. The X Y 2 x * 1 1 2 Ix x ,;x 7
lI ft hand .5't of nodea correipoiidn to .99
;, s cit! cal to the i,tYl v iaI or an I P 3 4 6 7 1 4 ,1 3 " 5 f,.
c .r -itlIn The right hiand -)(,t of Oij. *I IK K IK K-r,... ,, r n1; )d3 t0 peI.., ,, ,,t , o, p, ,, I X x x :.:-x::-:
,:,)rr,,ap .Jids to personnel. Al l re i l13 I 2 1 X 4 I 2 3 II 6 7
1 rO , tetd between n "' ght hn;rid and left l,,

x x x j 7 x X'X X"I 3 II5 6 ~1 4311

N* .-*-:..

*.* '..'* \ 5_______ A -- .. *t * . ." o.o



I I nu it SY. . . . .. .

il. Tr ansportationl Problems: Here we are
A ne-,ond broad Category or ahellable given a 9et, or fUT -slpply points with

,ty : it m,%s ln -! u d en th on. y t m.1 bh I(,- o 'it filtIPPI Y 'Ij aval I able at, iiippi y point I , and
b_*Ie r.3lrr:iented a* I I near systemn . m2 dem.r'1l po int!" , witLh d'emarild hr.1 rquired
%v , ri ,'.iily, stpvose the com ots of a atdmadio itJ. au%1Me t t t tal
s~ystem correspond to real variables whicoh suppl y e111als total deniand. b ut that roo
are subject to some set Of in rpoersubset of sulpply and de'mand poinOts
'cr.itraints (eqiu;,lit I en or I neqjal I Itis) can ha vp swipp I y e qual I I demand . E.(

C~jrnonelt filurs corespnd t setilink (I J ) between supply point I n
* the ~.,cmrelpofldi ng var iables3 to ;r',and Iri1plft.isSajttofi un*riay~temthn oertesifthereainng the system op-erates If the operating Ilinks!lynem henopertesif he rmaiing are sufficienit to ship from avalabliev.11i I!,10. carl still take values which

-, ti !r the constraints. We0 need to make supplies to meet the demandi. An ari
ro,tiior, asgumption that the linear' examplo we take the threet -iippl y. two

-4y:. t.or 13a nofl.4degenerate (in the I I near dinamirrI l yntem with aI-?, ;11-.- a3 -7- 1115,
portiiing nense)I, al though the two and b--10f. The 1 inoar reoirenaentat ion of

* xapisgiven here will be nondegenerate. this 3ybtpm in
It can o ihown (( 7j, f.emma ?. I) that
!1f!3V 3ysitems are nhet lable , and no the Component

r -es;JI t % o f S3ctI o n Ia ppIY. 3 II 5 6
Link I 1 1( 2 ) (2,1)(2,2) (3,01(3,2)

A A. ficachai I II ty: !Iuppose we are givyen a
Ii I-tel1 network 6 whoiro arcs are ziubjeCt Y,4 y 2 21. -, aI I !r. .The ny3tea operates If the

c pterating ar~s admit. directedi paths from 6i givn siourc-e nodle 71 to all other notion 3 i 4
*~ .An oximpl e ii given by the network y5 Y6 y'Figure 3. The linear repres3eatation

p.. +* y 5 --

1. -. 4 y 2 4~ * 6 0

-. ~~~~ ~ 1 0 y Z0 y 9 0y~ 5 0y~

and the miripaths are 113416, 1ir5", 2346.~C'Ure 2~. ~ - r23561. These produce the ~e~n
~~~RO - (13416) * I I ( 4 6

~f tnrIa r vs Lemn(36) I 574)(2 316(2 41,6)

31 3 4J 1 3 4~ 5 6 2 3 i

Y .
1 2 3 4

Y 4 Y, - Coniclustonl

A, y~l Z~ l Y 0 O 0,y5 We ond thle paper wl it a word on
algorithms which find aihe I lIints for these

.:,in, ;iny soltit i n whI ih :lit ,i fe3 ttir'0 Flystetm., ninne good shelling iilgorithms
mtvtriit iit have the property that will le-id natura'lly to good algorithms for

mc'cc cspni ogtononrir cmprit. I rig "yzitemi relilability. She) 1 1 nr-ororp,neiti a?'nl t paths from s to it, v,* algorithms do exist ror the probl ems givena ~.')it, c;in !hook !,hait thre minpiths here that run in time polyoo(mis)l In the
3-r Ihiso system are (1241. 125, 1341, 1351 number of minpaths. Those for ma'trold

11(50n-il produce the. !hel Iinfg co)mlexes can be construed f rom (4)J , anid
those ror I Inear systems from [ 7], I.PemmaR rI , 7TI f :,5 2.1. Nither or thene papers, howevr.,

- give direct helling algorithms, ard
(T:l 3 4 ronrler:rily more effiiIent aslgorithmns can

bit Obtained) by connidering the extra
4 T 7 1 FF(i l3 i135) strrctur~t contained in the systpms

rese!nted. Thene algorithms will e?
X~ X4 Xx X 3 X Overed In a suhripqtiprnt paper.

1 2 3 IX 5

% .- .- . ..
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